We used magnetohydrodynamic (MHD) simulations of interstellar turbulence to study the probability distribution functions (PDFs) of increments of density, velocity, and magnetic field. We found that the PDFs are well described by a Tsallis distribution, following the same general trends found in solar wind and Electron MHD studies. We found that the PDFs of density are different in subsonic and supersonic turbulence. In order to extend this work to ISM observations we studied maps of column density obtained from 3D MHD simulations. From the column density maps we found the parameters that fit to Tsallis distributions and demonstrated that these parameters vary with the Mach and Alfvénic Mach numbers of turbulence. This opens avenues for using Tsallis distributions to study the dynamical and magnetic states of interstellar gas.
INTRODUCTION
Turbulence is known to be a crucial ingredient in many astrophysical phenomena that take place in the interstellar medium (ISM): such as star formation, cosmic ray dispersion, formation and evolution of the (also very important) magnetic field, and virtually every transport process (see Elmegreen & Scalo 2004; McKee & Ostriker 2007, and references therein) . This has brought many researchers to the study of turbulence, from both observational and theoretical perspectives.
From the observational point of view there are several techniques aimed to study properties of ISM turbulence. Scintillation studies (see for instance Narayan & Goodman 1989; Spangler & Gwinn 1990 ) have been very successful to characterize ISM turbulence, however limited to density fluctuations in only ionized media. Other avenue of research is provided by radio spectroscopic observations, using for instance the centroids of spectral lines (von Hoerner 1951; Münch 1958; O'dell & Castaneda 1987; Miesch & Bally 1994; Miesch & Scalo 1995; Miesch et al. 1999) , or linewidth maps (Larson 1981 (Larson , 1992 Scalo 1984 Scalo , 1987 . Spectroscopic observations have the advantage of containing information about the underlying turbulent velocity field. However, they are also sensitive to fluctuations in density, and the separation of the two contributions alone has proven to be a difficult problem (see Lazarian 2006) .
Much of the effort to relate observations with models of turbulence has focused on obtaining the spectral index (log-log slope of the power-spectrum) of density and/or velocity. To this purpose several methods have been developed and tested through numerical simulations. Amongst this methods we can mention the "Velocity Channel Analysis" (VCA, Lazarian & Pogosyan 2000; Esquivel et al. 2003; Lazarian & Pogosyan 2004; Lazarian et al. 2001; Padoan et al. 2003; Chepurnov & Lazarian 2009) , the "Spectral Correlation Function" (SCF Rosolowsky et al. 1999; Padoan et al. 2001) 1 , "Velocity coElectronic address: esquivel@nucleares.unam.mx,lazarian@astro.wisc.edu 1 The VCA and SCF uses the same sort of two point statistics. An insubstantial difference is that VCA stresses the use of fluctuation spectra, while SCF uses structure functions. A more fundamental difference stem from the fact that the VCA is based on the analytical theory relating the observed spectrum of intensity fluctuations and the underlying spectra of velocity and denordinate spectrum" (Lazarian & Pogosyan 2008 , 2006 , or "Modified Velocity Centroids" Esquivel & Lazarian 2005; Ossenkopf et al. 2006; Esquivel et al. 2007) . Different methods are suitable to different situations, for instance VCA is adequate to retrieve velocity information from supersonic turbulence, while centroids are only useful in subsonic (or transonic at most) turbulence.
The techniques above provide spectra of turbulent velocity. The turbulence density spectrum is another characteristics that is readily available from the column density maps (see Padoan et al. 2003) . Spectra, however, do not provide a complete description of turbulence. For example, Chepurnov et al. (2008) showed that fields with very different distribution of density could have the same power spectrum. Intermittency and topology are some of the tubulence features that require additional statistical measures. Kowal et al. (2007) , and Burkhart et al. (2009) have recently applied several statistical measures to a wide set of MHD simulations and observational/synthetic data. These measures include probability distribution functions (PDFs), higher-order She-Lévêque exponents (She & Lévêque 1994) , bispectrum, genus, and anisotropies (see also Lazarian et al. 2002; Padoan et al. 2003; Hily-Blant et al. 2008) . They provide invaluable insight into the properties of the ISM turbulence and the self-organization of interstellar medium.
Nevertheless, the quest for new measures to deal with observational data has only started (see Lazarian 2009 and ref. therein) . In this paper we add the Tsallis statistics to the arsenal of tools available for ISM studies of turbulence. This is a description of the PDFs that have been used previously in the context of solar wind observations. We analyse a reduced set of MHD simulations, including column density maps which are the most easily available data from observations. This paper is organized as follows. In section 2 we briefly present the Tsallis distribution, which we will use to characterize magnetohydrodynamic (MHD) simulations. The description of the numerical models and the results (for 3D data as well as column density) can be found in sections 3-5. We discuss the significance of our finding in 6. Finally, in section sity, while the choice of structure function normalization adopted in the SCF prevents the use of the developed theoretical machinery for a quantitative analysis (Lazarian 2009 Burlaga, Ness, & Acuña (2007b , 2009 , have studied the PDFs of the variation of the magnetic field strength in the solar wind, measured by the Voyager 1 and 2 spacecrafts. In particular, they analysed the fluctuations of magnetic field increments B(t + τ m ) − B(t) as a function of the timescale τ m , and showed that for a wide range of scales their PDFs could be described by a symmetric Tsallis (or q-Gaussian) distribution (Tsallis 1988) . The Tsallis distribution for the PDFs of arbitrary function increments d f , often used in the context of non-extensive statistical dynamics, has the form:
where q is the so called "entropic index" or "nonextensivity parameter" and is related to the size of the tail of the distribution, w provides a measure of the with of the PDF, while A measures the amplitude. Varying the q parameter in the Tsallis distribution we can describe distributions that range from Gasussian to "peaky" distributions with large tails. Turbulence intermittency manifests itself in non-Gaussian distributions, thus we can hope to stablish a link between the properties of turbulence and the q parameters of the Tsallis distributions from simulations or observations. This provides an alternative/complementary method to higher order statistics (Burkhart et al. 2009 ), which are also sensitive to the nonGaussian nature of real turbulence. Following the procedure presented by Burlaga and collaborators in what follows we make histograms of the distribution of fluctuations from our simulations. But, in contrast to their studies, where only the magnetic field variations were studied at different times, we consider the spatial variations of density, velocity and magnetic field for a given time, as a function of a spatial scale (or lag) r. In other words, instead of consider-
, and B z (x). We neglected the anisotropy introduced by the magnetic field, the lag r is considered along each of the three cardinal directions and the resulting histogram includes variations in all of them.
3. MHD SIMULATIONS We use three-dimensional MHD simulations of fullydeveloped (driven) turbulence to study the resulting PDFs of density, magnetic field and velocity in different turbulence scenarios.
The code we used (described in more detail in Kowal et al. 2007 ) solves the ideal MHD equations in conservative form:
along with the aditional constraint ∇ · B = 0 in a Cartesian, periodic domain. We used an isothermal equation of state p = (3) is a large scale driving, applied sollenoidally in Fourier space.
The rms velocity is mantained close to unity, so that v is in units of the rms velocity of the system, the Alfvén velocity v A = B/(4πρ) 1/2 is also in the same units. The magnetic field is of the form B = B ext + b, that is a uniform background field B ext plus a fluctuating part b (initially equal to zero). As it is customary, we used units in which the Alfén velocity v A = B ext /(4πρ) 1/2 = 1 and the mean density ρ 0 = 1. This way the controling parameters are the sound, and the Alfvén speeds (i.e. the gas pressure and the magnetic pressure, respectively), yielding any combination of subsonic or supersonic, with sub-Alfvénic or super-Alfvénic regimes of turbulence. For this paper we explore the different combinations of parameters summarized in Table 1 .
STATISTICS OF THREE-DIMENSIONAL DATA
Below we analyze the results of our simulations to test whether the statistics of the PDFs of the fluctuations of the variables can be described by the Tsallis formalism. To to this we fit to each histogram a Tsallis distribution with the Levenberg-Marquardt algorithm (Press et al. 1992) , the histograms and the fits are presented in Figure 1 , the symbols are the data from the simulations, and the lines are the fits. For visual purposes we have shifted (horizontally) the mean value of all the PDFs to zero, and vertically by factors of 100 for each successive lag. Similarly to the results from solar wind observations (Burlaga & Viñas 2004a ,b, 2005a Burlaga et al. 2006a,b; Burlaga & Viñas 2006; Burlaga et al. 2007a Burlaga et al. ,b, 2009 , the magnetic field components, as well as the density and velocity components, show kurtotic PDFs that become smoother as we increase the scale-length (lag). It is quite interesting that (only) for supersonic turbulence density distributions are notably distinct from other quantities. Such behavior resembles the power spectrum, where the magnetic field and velocity for supersonic turbulence have steep spectra regardless of sonic Mach number, while density becomes shallower as the Mach number increases (see for instance Esquivel & Lazarian 2005) . This can be understood as shocks in supersonic turbulence that create more small-scale structure in density, yield not only a shallower spectra, but also a larger degree of intermittency.
We can observe from Figure 1 that the Tsallis distributions fit remarkably well the PDFs in the simulations. Only a few (small) departures are evident at the tails of the PDFs, in particular for density in models 1 and 2 (supersonic turbulence). The values of the q and w parameters from the fits are plotted as a function of the separation r in Figures 2, and 3 , respectively.
In Figures 2 and 3 we see the same general trends found in solar wind studies (Burlaga & Viñas 2004a ,b, 2005a Burlaga et al. 2006a,b; Burlaga & Viñas 2006; Burlaga et al. 2007a Burlaga et al. ,b, 2009 ) and electron MHD simulations (Cho & Lazarian 2009 ): a q parameter that decreases, and a w value that increases, as we take larger separations. In other words, the PDFs become more kurtotic, and narrower, as we go to small scales, while at large scales the PDFs are more Gaussian and wider. Also quite noticeable, is the fact that density in the supersonic regime has a very distinct behavior than the velocity and magnetic field components. The PDFs of density in supersonic turbulence are much narrower, and kurtotic than in subsonic turbulence. They also show a slower decay of q (and also slower growth of w) as we go to higher separations. From these figures we can also see a more subtle result: the values of q for the components of the magnetic and velocity fields are higher for supersonic turbulence than the values for subsonic turbulence. We can also notice slightly larger vaues of q (and lower w) for the velocity components with respect to the magnetic field components, more pronounced for high Alfénic Mach numbers.
5. STATISTICS OF OBSERVABLE DATA: COLUMN DENSITY The measures of non-Gaussianity presented in the previous section are interesting in their own right, and might provide us with insights to the intermittency of MHD turbulence from simulations. However, observations of the ISM cannot provide direct three-dimensional information of the density, velocity, and magnetic fields. For instance, from spectroscopic observations we can access only the velocity distribution of the emitting material at a given position (or positions) in the plane of the sky.
With the simulations presented in the previous section we constructed (2D) maps of column density, assuming that the emitting material is optically thin, and with an emissivity linearly proportional to the density (e.g. H I). From the twodimensional column density maps we constructed the PDFs of increments of column density, and following the same procedure we described above, we made fits to Tsallis distributions. The PDFs and the fits are presented in Figure 4 .
From the figure we can confirm the same general behavior of the PDFs, which become more Gaussian as we take larger separations. We can see that the PDFs are still consistent with Tsallis distributions, although the changes are more subtle than with the 3D fields used in the previous section.
In Figure 5 we present the parameters q and w as obtained from the fitting procedure. Both panels of Figure 5 confirm a decrease of the q parameter along with an increse of the with of the PDFs (w) with the lag. It is also interesting that the Tsallis distribution parameters seem to distinguish the superAlfvénic and sub-Alfvénic models, with higher values of q (also lower w) for the former, and lower values of q (and larger w) for the latter.
6. DISCUSSION We found that the Tsallis expression [see Eq. (1)] describes well the statistics of the PDFs of our numerical simulations. This is welcome news for both the ISM, where we propose to use Eq. (1) as a new tool to study turbulence, and for the solar wind studies, where the Tsallis expression was used, but lacked numerical testing.
We apply the Tsallis expression empirically and do not pose the important question of the deep underlying meaning of it 2 . The latter should be addressed in the follow up research, we feel. The necessity of such a research arises arises from the fact that the expression provides both the fit to numerical MHD simulations and experimental data.
The most important finding of this paper is that the depen-dences of parameters q and w entering Eq. (1) on both sonic and Alfven Mach number of the turbulence. These numbers are essential for many astrophysical processes from star formation (see McKee & Ostriker 2007) , propagation of heat (Narayan & Medvedev 2003 , Lazarian 2006 to cosmic ray scattering ) and dust grains acceleration . By now several ways of estimating the Alfvén and sonic Mach numbers have been proposed (see Kowal et al. 2007 ). All of them have their limitations and uncertainties. Thus the new approach here based on Eq. (1) is a welcome addition to the existing tools.
7. SUMMARY We have used three-dimensional MHD simulations to study the distribution functions of increments of density, velocity, and magnetic field. In addition, we studied synthetic column density maps, which can be directly compared with observations. The results can be summarized as follows.
1. The PDFs of each of all the quantities is well described by a Tsallis distribution. Such distributions are symmetric, and characterized basically by three parameters: an amplitude A, a width w, and a parameter q that relates to the shape (large values yield peaked distributions, while whith small values they approximate to a Gaussian).
The general trend of the PDFs for different increments
are consistent with previous studies, of solar wind observations. That is, the PDFs are close to a Gaussian distribution for large separations, and become more kurtotic and narrower for small separations.
3. While the PDFs of (3D) density are quite similar to those of magnetic field and velocity in subsonic turbulence (regardless of Alfvén Mach number), for supersonic turbulence (also regardless of M A ) they are noticeable narrower and with more peaked. That is, the fits of the PDFs to a Tsallis distribution have smaller w, and larger q parameters.
4. The column density maps show less kurtotic distributions compared to those of density in 3D, however, we found that the q values are larger for supersonic turbulence (and lower w as well), regardless of the Alfvén Mach number. The observed sensitivity to the Alfvén Mach number presents an additional way of studying the magnetization of interstellar turbulence.
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